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Abstract 

The high-energy behavior of vector-boson scattering amplitudes is examined within 
an effective theory for non-standard self-interactions of electroweak vector-bosons. 
Irrespectively of whether this theory is brought into a gauge invariant form by including 
non-standard interactions of a Higgs particle I find that terms that grow particularly 
strongly with increasing scattering energy are absent. Different theories are compared 
concerning their high-energy behavior and the appearance of divergences at the one- 
loop level. 

1 Introduction 

The standard electroweak theory [Q has been the most promising candidate to describe the 
electroweak interactions ever since it had been proven that this theory is renormalizable 
[0 and that tree-level scattering amplitudes do not exceed the unitarity bounds at high 
energies if the mass of the Higgs boson is not too large |], The inclusion of a scalar 
(Higgs) sector and the generation of the vector boson masses by the spontaneous breakdown 
of an underlying linearly realized local SU(2)l x U(1)y symmetry appears to be a necessary 
ingredient for a unitary and renormalizable theory in which massive vector particles interact 
with fermions. 

In fact, the standard theory consistently describes all currently known experimental 
data and the agreement between theory and experiment is particularly remarkable for the 
recent LEP 1 precision data, as these measurements test the theory at the level of one-loop 
radiative corrections. 

However, the scalar sector of the theory and the interactions of vector-bosons with one 
another have been accessed only via their indirect, i.e., loop-induced effects on the current 
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observables. In view of near-future measurements of the process e + e~ — > W + W~ at LEP 2 
which will be sensitive to the vector-boson self-couplings at the level of the Born appro- 
ximation, various models that can incorporate non-standard vector-boson self-interactions 
but coincide with the standard model in the well-established sector of the interactions of 
the vector bosons with the leptons and quarks have been recently under consideration. It 
is not clear whether such a theory is also, like in the case with standard self-interactions, 
theoretically favored if it incorporates a scalar sector and is gauge invariant]]. 

Restricting ourselves to theories with the same particle content as of the standard model, 
we are dealing with non-renormalizable effective theories that have to be regularized by some 
ultra-violet cut-off A. At the tree-level these models give rise to some four-point amplitude 
that will at high energies eventually exceed the unitarity bound ||. Above some scale, 
which is usually taken to be the cut-off A, these theories have to be embedded into some 
higher theory which would again be renormalizable and unitary. Different approaches for 
constructing such effective theories exist: 

1. Assuming that non-standard physics already appears not far above the weak scale 
the scalar sector may be omitted from the theory. These theories exhibit either no 
SU(2)l x U(l)y symmetry |7|-|[L1]| or this symmetry is realized in a non-linear way 
[ P~2"| , P~5|] . The two cases are equivalent which can be seen by applying a Stueckelberg 
transformation 



2. The standard theory is adopted as the correct theory for electroweak interactions 
up to a certain scale A at which new degrees of freedom occur and which is large 
compared to the mass of a Higgs particle. The non-standard interactions may manifest 
themselves at energies not too far above the weak scale as small deviations from the 
standard interactions. The Lagrangian for such a theory is an expansion in powers of 
-r around the standard theory with gauge invariant additional operators ||15|| . Non- 



standard vector-boson self-interactions have been recently discussed in such theories 
in 111 



An example of the first approach is the KMSS model J7| in which trilinear and quadri- 
linear vector-boson self-interactions are parametrized under a minimal set of symmetry 
assumptions. A two-parameter reduction of the KMSS model can be embedded^ |22| into 
a gauge-invariant framework. In this way one obtains an example of the second approach. 
The addition of a dimension-six single-parameter quadrupole interaction (which contains no 
scalar particles and is gauge invariant in itself) to this model leads to a general model for 
vector-boson self-interactions that can be obtained by adding gauge invariant dimension-six 
terms to the standard Lagrangian, provided some reasonable additional assumptions are 



made p2] . I call this model the GINDIS (gauge invariant dimension six) model. 

Here, I examine the behavior of vector-boson scattering-amplitudes for large values of 
the center-of-mass scattering energy s in the GINDIS model. My calculation evidences that 
the amplitudes show a particularly mild growth with increasing s. I further find that this 
behavior is only due to the form of the vector-boson self-couplings while the scalar sector 
plays no role. 

One obvious requirement that a theory beyond the standard model has to fulfill is that 
it agrees at the one-loop level with the present precision data. If a particular model shows a 
dependence of one-loop radiative corrections on large positive powers of the cut-off, then it 



1 In this paper, the term "gauge invariant" means "exhibiting a linearly realized local SU(2)l x U(1)y 
symmetry" . 

2 If not explicitly stated otherwise, statements put up in this paper are only valid as far as terms linear 
in the deviations from the standard model arc concerned. 
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can presumably not incorporate large deviations from the standard model since these would 
bring the model (in the absence of cancellations) in conflict with present data. 



2 The Models 

The KMSS model [[/J describes non-standard vector-boson self-couplings by four free para- 
meters. It has been derived assuming that a global SU(2) weak isospin symmetry is broken 
only by electromagnetic interactions. In particular, the symmetry is broken by a term that 
causes mixing between the neutral vector-bosons. In addition, only dimensionless couplings 
and interactions that are P- and C-even have been incorporated. The trilinear self-couplings 
are described by two parameters, k 7 and g. Two other parameters, g and g, describe the 
quadrilinear interactions. A two parameter reduction of the KMSS model, which I will 
henceforth simply call "the KMSS model", is obtained by imposing the conditions [^2| 

9 = g 2 , 

~g = o. (l) 

The Lagrangian of the KMSS model is given by 

Ckmss = -ieA,(W^W+-W + ^W~)-ie^A, u W + »W-» 

+z Le^l _ -J—] Z,(W~^W+ - W^W~) 
\ cos 9 W cos U w J 

+i U S ^f - -L-) Z^W- 

\ COS 9 W COS 9 W J 

-e 2 {A^W+W~ u - A^A U W + »W~ V ) 

+2e [ i_ \ (A.Z^W+W-" - -A.Z V (W + ^W~ V + W~^W +U )) 

\ cos Uw cos Uw J ' 2 



(g — e sin 9] 1 
cos 2 0- 



1 w, 



(z^w+w- y - z^z u w +tl w- u ) 



+^g 2 {W+W;W + ^W- u - W+W-W-^W +V ). (2) 

In (H), W^ v = d^W+ — d v W£ etc., e is the electron charge and 9w is the weak mixing angle. 
Non-standard Higgs interactions can be added to the KMSS Lagrangian in such a way 



that a gauge invariant model results |22 |. Adding to this model a dimension-six quadrupole 



interaction term Cw, introduced in flq|, which is gauge invariant itself, one obtains the 



GINDIS model which has been thoroughly discussed in |22| . The Lagrangian of the GINDIS 
model is given by 

g 9' 9 

C-GINDIS — C-SM + ^W^~jrW^ W ^ + 6^$ —-^C-B^ + -jTj2~ ^ w ' W 

Mw ^"W 

where Csm is the standard Lagrangian. The Lagrangian (|3]) contains the three gauge invari- 
ant dimension-six terms 

C w * = itT[(p li $yW' a '(pM, (4) 
C B * = -^tr[r 3 (D M $)t(D^)]B^ (5) 

and 

£ w = -^tr(W;W>jT). (6) 
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Here, $ denotes the standard complex scalar Higgs doublet field, 



where if is a physical Higgs field, ^1 is the vacuum expectation value of the Higgs doublet, 
the (pi are the would-be Goldstone bosons, 1 is the unity matrix in two dimensions and the 
Ti are the Pauli matrices. The covariant derivative of $ is given by 

Dfi = + igW^Q - l -g'®r 3 B^ (7) 

where 

= Uv, t r u (8) 

denotes the non-Abelian vector field, and 

W, u = d,W u -d u W, + ig[W„W u ], 

B» u = d^B v -d p B^ (9) 

are the field strength tensors. As usual, g denotes the SU(2)l- and g' the U(l)Y-coupling, 
g' = CO s 9w ; M w is the mass of the charged vector-bosons and is the U(l)y gauge field. 
The traces are taken over the 2 x 2-matrices. The non-standard couplings are described by 
the parameters ew$, £5$ and ew In this paper, I call these parameters collectively "the e". 

The vector-boson self-couplings of the GINDIS model with ew = coincide with the 
ones of the KMSS model, (@), with the identifications 

e . 
9 = . - [l + e W 0) 
sin v w 

K~/ = l + e^$ + es$. (10) 

The GINDIS model is the general model for vector-boson self-interactions that can be con- 
structed from gauge invariant dimension-six terms, provided interactions that violate the 
C-, P- or CP-symmetry or contain higher derivatives are not considered. The phenomeno- 
logically relevant parts of the GINDIS Lagrangian in terms of the physical fields have been 
given in p2"|. 



3 Vector Boson Scattering 



I examine the tree-level scattering amplitudes for all processes involving only massive vector 
bosons: 



W~W~ ) 

W~W+ ) (11) 
W + Z ) 



w~w+ - 


-> w~w+ 




w + w + - 


-> w + w + 


( w~w- 


w~w + - 


zz 


( zz 


W~Z - 


-> w~z 


( w + z 


zz 


zz 
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as well as for the following processes involving photons 
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77 -> V^-W+ ( -> 77 ) 

7W -> 7^- ( 7^+ -> 7^+ ) (12) 

7 z -> j¥-iy + ( W~W + -> 7 Z ). 

The amplitudes for the processes appearing in parentheses are related to the correspond- 
ing process to the left of them as discussed in Appendix [B]. 

The relevant vertices following from the GINDIS Lagrangian (H) are given in Appendix 
|A|. The Feynman diagrams can be classified according to the following scheme: 

• Diagrams with a virtual vector boson ( denoted by V in Figure [l]) 

• Diagrams with a four-boson vertex ( denoted by C ) 

• Diagrams with a virtual Higgs boson ( denoted by H ) 

Since the calculations are performed in the unitary gauge, there are no diagrams with would- 
be-Goldstone bosons. For the process W~W + — > W~W + , the diagrams are shown in Figure 
|]. There and in the general process V1V2 — > V3V4, Pi is the four-momentum of particle Vi 
(i = 1,2,3,4) and I use the Mandelstam variables: 

s = (p 1 +p 2 ) 2 , t=(pi-p 3 ) 2 , u = (pi -p 4 f. (13) 

In Figure [IJ, incoming particles are to the left and outgoing particles to the right. 
For the general process an amplitude M. is a sum of contributions from the three sets of 
graphs, 

M = Mv + Mc + Mh- (14) 

The Aii, i = V, C or H, can in turn be written as a product of polarization vectors and a 
part which is independent of the particles' polarizations, 

M t = ^(pi,ft,J*,P4K(A 1 )eJ (A 2 )e^(A 3 )ef (A 4 ). (15) 



In fllBD , 6j(A) is a polarization vector for particle j with helicity A and a, 7, (3, 8 are Lorentz 



indices. I use the phase conventions of Jacob and Wick |23| for the helicity eigenstates. The 



appropriate polarization vectors e 3 -(A) can be found in p4"f . 

The high-energy amplitudes are listed in Appendix [Cj I have also calculated the terms 
bilinear in the and find that they grow at most as €i€jO(s 2 ). 

I turn to an investigation of the cancellations that take place among the sets of diagrams 
( |T4"D (compare H for a similar analysis in the standard model). I have analyzed all amplitudes 
for the processes (|TI|) and (0) and find that the sum of the vector-exchange diagrams for 
any amplitude grows at most as 

My = s 2 + e w $s 2 + e B $s + e w s 2 , 

where s 2 is to be understood as 0(s 2 ) etc. All of these powers typically appear when all 
external particles are in the longitudinal polarization state. 

The contact graphs get no contribution from e#$, since £3$ does not contain quartic 
interactions. I find a growth as 

Mc = s 2 + e w $s 2 + e w s 2 , 
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or a more decent growth for particular amplitudes. The sum of vector-exchange and contact 
diagrams is found to grow as 



My + Mc = s + €w$s + cb$s + ews, 

or more decent. The most important result can be stated here: All the s 2 powers vanish 
already in the sum of vector-exchange and contact diagrams. This fact holds for all three 
6i and in all amplitudes. If all external particles are in the longitudinal polarization state, 
there is for many amplitudes a cancellation in this sum of one power of s in the standard 
term (see [|J]). Simultaneously there is a cancellation of one power of s in the e^$- and 
the e^-terms, which demonstrates the special form of Cw<$> and Cw as far as vector-boson 
self-couplings are concerned. 

Finally, the Higgs diagrams do not depend on ew and grow at most as 

Mh = s + ew$s + 

and frequently they are only O(s ). 

Adding the Higgs graphs to M.y + M.c in order to obtain the complete amplitude, 
the residual positive powers of s in the standard terms are cancelled, so that the unitarity 
limit for partial wave amplitudes is not exceeded in the standard theory at energies large 
compared to the Higgs mass. This cancellation only takes place for amplitudes in which all 
external particles are in the longitudinal polarization state, because in the other amplitudes 
the standard terms are already O(s ). All other effects of adding the Higgs contribution are 
non- systematic: Sometimes powers of ew<s>s, £b<s>s, ^w^\fs or es$\/i are re-introduced, while 
sometimes the terms growing as e^s disappear. 

One thus obtains the result, 

M = ew<s>s + 6b<s>s + ews, (16) 

or a more decent growth. Concluding this analysis, the eiO{s) behavior is entirely due to the 
form of the non-standard vector-boson self-interactions. The non-standard Higgs interactions 
yield terms of €jC?(s) but do not change the high-energy behavior. The inclusion of a scalar 
sector in non-standard interactions is thus of no relevance as far as the high-energy behavior 
of the theory is concerned. 

I compare my result to an analysis || of vector-boson scattering amplitudes in the four- 
parameter KMSS model in which the authors did not restrict themselves to small values 
of the 6j. It has been shown there that a one-parameter reduction of this model, the BKS 
model, exists, in which terms that grow with 0(s 2 ) or stronger are absent in the amplitudes. 
The Lagrangian of the BKS model can be obtained from (0) by eliminating g in favor of « 7 
by the relation 

9 = ■ a k t ( 17 ) 
sin &w 

I note that from fllOD and ([H]) one sees that the BKS model is equivalent to the GINDIS 
model @ with 

e W q> — « 7 — 1 and e B $ = e w = 0, (18) 

as far as the vector-boson self-couplings are concerned. Thus, the model with only ew<& 
should yield only amplitudes that grow at most as 0(s) if the Higgs interactions are turned 
off. My calculations show that the terms €w<&0(s) remain if the Higgs interactions are added. 
I expected this latter fact from a result in M. The authors of this reference showed that in 
the BKS model unitarity is violated in partial waves with angular momentum J > 1 so that 
the addition of only a scalar particle is not sufficient to restore unitarity. 
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Considering the equivalence of the KMSS model and the GINDIS model without Higgs 
interactions and without £\y, one expects that amplitudes for a model with only £ B $ are 
in general M. = 0(s 2 ), since the BKS model (which is equivalent to taking only Cw<f>) is 
the only model that can be embedded into the KMSS model in which the amplitudes are 
only O(s) even bilinear in the deviations from the standard couplings. It is therefore worth 
remarking here that s 2 terms appear only quadratically in e^$- 



4 Conclusions 

It is well-known that the inclusion of the Higgs-extension in the standard model is crucial to 
ensure the perturbative unitarity as well as the renormalizability of the theory. Concerning 
the dependence of one-loop radiative corrections to four-fermion scattering amplitudes on 
the mass of the Higgs boson, the standard theory only shows a mild, logarithmic Mh- 
dependence. 

The role of the Higgs-sector in the standard theory can be studied by looking at the 
corresponding behavior in the non-linear sigma-model [25[, which is obtained by integrating 



out the physical Higgs particle of the standard theory. The non-linear sigma-model in the 
unitary gauge corresponds to the case of no Higgs particle, or, equivalently, to the limit 
of an infinite mass of the Higgs particle in the standard model. In the non-linear sigma- 
model, tree-amplitudes grow as O(s). In contrast to the standard model, this model is 
non-renormalizable. It has a logarithmic cut-off dependence. 

I have investigated the role of the Higgs-extension in effective theories with non-standard 
vector-boson self-couplings. These theories are non-renormalizable even when a Higgs- 
extension is included. Only terms at most linear in the deviations from the standard cou- 
plings have been considered. This restriction is also explicitly assumed in the following 
discussion, if not otherwise specified. 

I start with the KMSS model, (0). This model is equivalent to the GINDIS model with 
ew = 0, e\y$ 7^ 0, t^ 1 and no Higgs interactions. We saw that vector-boson scattering 
amplitudes grow at most as 0(s). The (9(s)-growth remains if the Higgs interactions are 
added. Thus, in distinction from the case of the models with standard vector-boson self- 
couplings, the omission of the Higgs-extension in the non-standard interactions does not 
change the high-energy behavior of tree-amplitudes. If we add the quadrupole interaction 
Cw we also find at most an 0(s)-growth. 

As to loop effects, a complete analysis of one-loop corrections to four-fermion scattering 
amplitudes in a model which reduces to the GINDIS model in a special case has been 
presented in ||19|| . It is shown there that the effects of the non-standard terms can be described 
by cut-off dependent (renormalized) coefficients of other dimension-six terms which have tree 
level effects and by a renormalization of the standard model parameters. I note that only 
the dependence of the coefficients on the scale A can be determined unless one knows the 
underlying renormalizable theory f26fl . If the Higgs- interactions are excluded (KMSS model), 



the renormalized coefficients are proportional to A 2 and In A. When the Higgs sector is 
included, the quadratic A-dependence disappears and only an In A-dependence remains. In 
addition, a quadratic M#-dependence appears. This behavior is similar to the replacement 
rule Mu A when going from the standard model to the non-linear sigma-model, although 
for the effective theory this replacement does not quantitatively reproduce the heavy-Higgs 
limit. 

The behavior of the different models is summarized in Table |]. 

Finally, I note that in the four-parameter KMSS model, which can not be embedded 
into a gauge invariant framework without taking dimension-eight terms, we have an 0(s 2 ) 
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growth of amplitudes. The p-parameter depends only quadratically on the cut-off | 27[| , but 
the A-dependence of the other one-loop contributions has not yet been investigated. 





No Higgs 


Linear Higgs Sector 


Self-Interactions 


Model 


Amplitudes 


Loops 


Model 


Amplitudes 


Loops 
M H Cut-off 


Standard 


a) 


0(a) 


In A 


b) 


0(s°) 


In Mh 


Non-Standard 


c) 
e) 


0(a) 
0(s 2 ) 


A 2 , In A 


d) 


0(8) 


M 2 H In A 



Table 1: Growth of tree-amplitudes, cut-off- and M^-dependence in various theories. 

a) Non-linear a-model 

b) Standard model 

c) BKS model, two-parameter KMSS model 

d) Linearly SU(2)l x U(l)y invariant dimension-six extension of the standard model 
(GINDIS) 

e) four-parameter KMSS model 
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W+(p 2 ) W+(p 4 ) 
Figure 1: Feynman diagrams for W~W + — > W~W + in the tree approximation 
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Appendices 



A Vertices 

The vertices needed for the computation of the amplitudes can be classified according to 

• Vertices involving three vector bosons (Figure |A.1| ) 

• Vertices involving four vector bosons (Figure |A.2|) 

• Vertices involving one Higgs scalar and two vector bosons (Figure |A.3| ) 



In Figures [A.l| to |A.3| , the vertices are explicitely given. All particles are understood to be 
entering the vertex. Vertex functions involving outgoing particles can easily be constructed 
by replacing an incoming particle by the outgoing antiparticle and simultaneously replacing 
the particle's four-momentum by its negative four-momentum. 



Vvww(oc, (3, 7, h, k 2 , k 3 , g v , k v , y v ) 




w-{k 3 



ieg v 



w 



- g^kl + g^(k 2 - k 3 ) a + g^ki 
+ K V {g a ^kJ - g^ a k{) 

L.7 t,a h.13 _ h-Phll-a 
1 2 3 1 2 3 

+ k 1 -k 2 (k$g^-k§g°"r) 

+ k 1 -k 3 (%9 af, -*$9 fh ') 
+ k 2 ■ h{k{g a ^ - kjg a ^) 



with V = 7 or Z 



and g 7 = 1, 



gz 



1 + ey/q> + e_B<i>, &z 



yz 



Cw + e W<!> 

s w c w 

r 2 

C w + €w<S> 



c 



w 



ew 



1 + £w§ ~ 



-w 



Figure A.l: Three-Boson Vertex 
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la{fa) 



■w+(fc 3 ) 



Vjyw w(&, P, 7, 8, fa, fa, fa, fa) 



Idifa) 



Wj(fa) 



te 



gOt~fgl38 _|_ gCiSgP-y _ 2gaf3gjS 

+ Jw F ^ s (fa,fa,fa,fa) 



Z Q (fci) 



lp{fa) 




W + (fa) v zjww(a, P, l, 8, fa, fa, fa, fa) 



le 



2 £w_ 



Wj(fa) 



1 + ^ 

c w 

.(g*igP6 + gaSgM _ 2g a Pgi 5 ) 
+ jW-F^ s (fa,fa,fa,fa) 



w 



Z a (fa) 




W + (fa) v zzww(a, P, 7, ^ fa, fa, fa, fa) 



le 



r 2 
2 C W 



1 + 2 ew±\ 

c w / 



W 5 "(/c 4 ) 



+ ^F < ^(fcl,k J A*,fc 4 ) 



W+(fei) 



Wi(fe) 




W+(A; 3 ) ^wiyw(a, A 7) ^l; fc 2, &3, ^t) 



Wj(fc4) 



(l + 2e^$) 

+ ^^(*i 1 *i I *2,kd)' 



Figure A. 2: Four-Boson Vertices (to be continued) 
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where 



F a ^ 5 {k u k 2 ,h,k A ) = 

g^g* ((h ■ h) + (h ■ k 4 ) + (k 2 ■ k 3 ) + (k 2 ■ h)) 

-g aj gP s ((h-k 4 ) + (k 2 -k 3 )) 
-g a6 g^m-k 3 ) + (k 2 -h)) 

(y ' L 3 "l - "'2 3 ^ "-"i"^ r " / 2 4/ 

nl 6 (h^h a —I— b a b@ -\- b@b a J_ b a b@\ 
y "'3 "'2 3 ^ 1 4 ^ 2 4 / 

+ £ a7 (^f - fcfjfcf + fc*A| + fcf fcf ) 

I ri^lh^h 1 — k^k 13 4- k 7 i*' 3 -I- P'P 3 "! 

^ i/ v'H "'4 "'l "'4 "'2 "'4 ^ ""1 ""3 / 

_|_ r fi"1(k^k a 4- t ^ 5 — i- 5 ^ 4- i- a £- a "l 
-|-</ ^ 1 fi, 3 -|-fi, 2 Av3 ^2^3 -1-^2^4 J 

I nP^ih^h 01 -L k a k' y — k" 1 k a 4- k 1 k a \ 

\ y ' l/ 4 '^2 4 2 4 "l - 2 3 / 

Figure A. 2: Four-Boson Vertices (contd.) 
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H(fci) 




Wj(fa) 



W"(fc 3 ) 



V H wwW,l,ki,k 2 ,h, 



= ig 



i\j<2 ih\ rug rh-y 



H(fc!) 




77(^3) 



V H z 1 (/3, r r,k 1 ,k 2 ,k 3 ) 



= 1 



_e 1 



H(fci) 




2# 



Z 7 (A; 3 ) '( ^i-(fc2 + fcs) 

Figure A. 3: Vertices with One Higgs Boson and Two Vector Bosons 
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B Relations between Amplitudes 



Given the particle types in the initial and final states, there is in principle a number of 81 
different amplitudes if all particles are massive. The number of distinct amplitudes can be 
significantly reduced, however, if one relates certain amplitudes to each other by using the 
fact that the S'-matrix is invariant under C-, P- and T-transformations (e.g. p3|, |28], |29|j). 
Also, amplitudes for reactions involving different sets of particles can be related to each 
other. 

I denote an amplitude for the reaction of the particles AB — > CD with helicities 
Ai, A 2 , A3, A4 (in this order) and center-of-mass scattering angle $ by (AiA 2 A 3 A4)(A.B — > 
CD)(d). In the following, the frame axes in the center-of-mass system are defined in such 
a way that the reaction takes place in the x-z plane. Particle A travels in the positive 
z-direction and particle C has momentum component p x > 0. The scattering angle d is 
restricted to < "d < n. In the relations I give here, I take into account the phase factors 
according to the Jacob and Wick phase convention. Derivations of the relations can be found 
in 



21] 



From the invariance of the S'-matrix under a rotation one obtains the relation 

A4(A 1 A 2 A 3 A 4 )(AB -> CD)(d) = {-l) Xl - X2+ ^- X3 M{X 2 XiXA3){BA -> DC)(d). (19) 

This relation can also be obtained from exchanging the two particles in the initial states as 
well as the two particles in the final state. 

A parity transformation P changes momentum p and angular momentum J according 



to p — > —p and J — > J. Consider Figure B.l. The small arrows symbolize the component of 



V 3 (P3,A 3 ) V 4 (p3,-A 4 ) 




V 4 (p4,A 4 ) V 3 (pl, -A 3 ) 



Figure B.l: Transformation of initial and final states under a parity transformation 

spin in the direction of flight; from them, the helicity can be read off. For example, an arrow 
perpendicular to the direction of flight designates a particle in the longitudinal polarization 
state. Rotating the figure obtained after applying P by an angle 7r about the y-axis one 
obtains the same physical situation as before P was applied, only the particles' helicities have 
changed sign. It is thus clear that J^A{\i\2\^Xi){s, $) is equal to M.[— Ai— A2— A3— \i)(s, 1?), 
up to a possible phase factor. The phase factor is found to be (— i) A s- A 4- A i+ A 2 Rotating 
further by an angle 7r about the z-axis I obtain the relation 

A^(A 1 A 2 A 3 A4)(^) = -M(-A 1 -A 2 -A 3 -A 4 )(-^). (20) 

When charge conjugation is applied to a state, particles are changed into their antiparti- 
cles, while their momenta and helicities remain unchanged. The invariance of the S'-matrix 



14 



under charge conjugation implies the relation 

■M(A 1 A 2 A 3 A 4 )(AB -> CD)(d) = A4(AiA 2 A 3 A 4 )(AB -> (21) 

where A is the antiparticle of particle A etc. 

After a rotation by an angle 7r about the y-axis, an exchange of particle labels in the 
two-particle states and, succesively, a rotation by an angle n about the z-axis, one obtains 
the relation 

A^(A 1 A 2 A 3 A 4 )(AB -> OD)(i?) = A4(A 2 AiA 4 A 3 )CBA -> DC)(-0). (22) 




Figure B.2: Transformation of initial and final states under time reversal, succeeded by a 
rotation 

Time reversal changes initial to final states, or, equivalently, 

j -> -j 



where A denotes helicity (see Figure [B.2Q . After a rotation by an angle 7r — $ about the 
y-axis one obtains the relation 

Af(AiA 2 A 3 A 4 )(A J B -> CD)(#) = Af(A 3 A 4 A 1 A 2 )(C J D -> AB)(-i?). (23) 



Application 

The ineractions of the GINDIS model are actually invariant under P-, C- and T- 
t r ansf or mat ions . 

i) Amplitudes for the processes which I did not calculate - listed in parentheses 



in (|TT|) and (|12|) - can be obtained from the ones which I calculated. For example, using 
C-conjugation, 

M(\ l \ 2 \ z \ i ){W + W + -> W + W + )('&) = M(X 1 X 2 X3Xa)(W-W- -> W^-W - )^). 

ii) Amplitudes for a given process, AS — > CD, but with different helicities, can be 
related to each other (cf. Table |2|). 

Parity together with rotational invariance always gives a relation. In addition, the ful- 
fillment of each of the conditions 
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Condition that 
is iumllea 


Transformation 


Relation 

A A I \ \ \ \ \ I \Q\ 


(always) 


P + rotations 


A A ( 1 O Q A\( A\ 

JVl[ — l—Z—6—4:J{—v) 


A — B 
A G = L> 


C + rotations 


M( 2 1 4 3)(-0) 


AB = CD 


T + rotations 


M( 3 4 1 2)(-t?) 


Identical initial 
partilces, A = B 


rL/Xcnange 01 
labels + rotation 


(-l) Al - A2 >l( 2 1 3 4)(^±?r) 


Identical final 
particles, C = D 


Exchange of 
labels + rotation 


(_1)A 4 -a 3 _ M ( ! 2 4 3)(0±7T) 



Table 2: Conditions, transformations and relations among amplitudes for a given process 
AB — > CD using the Jacob and Wick phase conventions. The relations can be used to 
reduce the number of amplitudes to be calculated for this process. 
Sample usage: 

For W~W + — > W~W + , we can use the invariance of the S'-matrix under P-, C- and T- 
transformations. One obtains relations due to P, C and T as well as relations due to the 
combined transformations CP, CT, PT and CPT. 

For example, due to CPT, M. + (i?) = M.q ++ _(—<&), where the subscripts on M. denote 

the helicities. 

1. Particle A is the anti-particle of B (A = B) and particle C is the anti-particle of D 
(C = D). 

2. The initial state contains the same particles as the final state (in any order) (AB = 
CD). 

3. The initial state contains identical particles (A = B). 

4. The final state contains identical particles (C = D). 

gives one more relation, each of which follows from the invariance under a certain trans- 
formation, possibly accompanied by rotations. For the cases [I] and ^ one obtains relations 
among amplitudes in which identical particles have been exchanged. It is clear that the 
two amplitudes differ at most by a phase. Finally, all combinations of relations can also be 
applied to the considered process. 
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C Listing of Amplitudes 



M 2 

The amplitudes have been expanded in powers of <C 1. For the cases 

1. s > M| 

2. no Higgs particle (M H — > oo) 

I list the terms that grow as O(s). There are no terms that grow with higher powers of s. Case 
[| is obtained by setting s — t — u — 0. For Case || one has to set s = — ^ and t = u = ^. 
The terms depending on ew are in agreement with [30|. The high-energy approximation 



has been carried out at a fixed center-of-mass scattering angle The expansion breaks 
down in the collinear region. More precisely, it is invalid if (1 ± cos$) is so small that it is 

M 2 

comparable in magnitude to — -g^-. Terms bilinear in the q are not listed. I omit these terms 
for consistency, because taking into account bilinear terms one would also have to consider 
terms of dimension eight in the Lagrangian density, since these are, like the bilinear terms, 
proportional to A~ 4 . 

Amplitudes that are not listed are either related to one of the listed amplitudes by one 
of the relations of Table § or do not have (9(s)-terms. I note that, in Case [l|, no (9(s)-terms 
are present whenever the standard amplitude does not approach zero in the limit s — > oo 
except when all external bosons are in the longitudinal polarization state. In the listing, 

2 2 2 

g s . e s . e s 



S9 ~\M 2 W Se ~\M 2 w Sz ~ l 4Mr 
s w = sin 9 W , c w = cos 9 W , t w = tan 9 W . 

w~w + -> w~w + 

-M 00 oo = -4 (1 - Ae W q,)s g s - (1 - 4e w ^)s g t(l - cost?) + 3(e w $ + ^e B $)s g (1 + cos$) 

Moo++ = — 8evy$ s g s + ew s g cos d — 2e w <s> s g 

( 1 \ 3 

A/f +o- = 2e w $s g t(l - cos tf) + ( e wq> - -e w ) s g cos i? - (e wq> + -e w ) s g 

M +++ - = -2e w s fl (l + cosi?) 
M++— = -4e w s g (l + cos$) 



w+w + -> W+W+ 

-Moooo = -(1 - Ae w ^)s g t{\ - cos ■&) - (1 - 4 e w <$,)s g u(l + cos d) - 6(e w<s> + ^e B $) s g 
M 0+0 - = 2e w $ s g t(l - cos #) + ^e w * + -e^ s g cos $ - (e w $ - -ey^j $ g 

M +++ - = Ae w Sg 
M++— = 8e w s g 
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w~w+ -> zz 



-^oooo = -4(1 - 4evi/* - 2t^e B<I) ) s 9 s + 6e w $ s 9 

-M00++ = —8(tw$ + tw€B$) s g s + 2(2sly(ew$ + cb<s>) — cw<f> — t\y e B<f>) s g 

I s 2 1 

Mo+o- = --(e w ^ + e B ^) s g — (l-cos-3) - -e w s g c w (3 + cos i &) 

Z C-yy Z 

•M++00 — —8ew<ps g s — 2ew'S>s g 
M +++ - = M+-++ = -Ae w s g c 2 w 
M ++ — = -8e w s g (? w 



W~Z -> w~z 



Moooo = -(1 + 4ejy$ - 2i^e B $) s g t(l — cos??) — 3e w <s> s g (l — cos??) 

s 2 

M 00++ = -(e W a> + e B $) s g — + e w s g c w cost) 

c w 

M +o- = 2(e^$ + t 2 w € B ^)s g t{\ - cos ??) - 2(t w <$, + e B $) s 9 c^(l - cos t?) 

1 — COS 7? 

— e B $ s 9 g 1" ( e w<i> + 3e B $) s s (l — cos#) 

1 s 2 1 

-Mo+-o = -(e w $ + € B &) s g — (l + costf) - -ewSgCwrfi-costi) 

Z Cyy Z 



-M+o-o = 2ew<s> s g t(l — cos ??) — e^* s g (l — cost?) 
= = 2e w s g c 2 w (l - cos??) 
= 4e w s 9 c^- (1 — cos #) 



A^oooo = (1 - 4c^e w <i> - 4s 2 y e B $)s 9 (-4s - f(l - cos ??) - u(l + cos ??) 
-^00++ — — 8(e^$ + tlyEB^) s g s — 2{ew<s> + ^£b$) s 9 
.Mq+o- = 2(e^ + t^e B *)s ff i(l-cosi?) - (e^ + ^es$)s 9 (l-cos??) 



77 -> 

— 4(e^/<i> + £b<i>) s e 

= -4eiys e 

—Sew s e 



M ++ oo = 
M +++ - = 

M++-- = 
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1 W~ ^-fW~ 



M+o-o = -2(ew$ + e B <f>) s e {\ - cos ■&) 
M +++ - = M++-+ = 2e w s e (l - costf) 
M++ = 4e w s e {l - cosi?) 



7 Z -f 



A^+oo- 

A4++00 



1 s e 
-^(ew^ + £b$) — (1 + costf) 

Z Si, 



oo- 



-4 (ew$ — cb*) 



s P s 



SwC 



WW 



M. 



M- 



M. 



1 s e 

-ew — (-3 + cost?) 

2 Si 



SwC 



— 4 (ew<j, — tan 2 ^e B $) s e 



-4 ew s e 



-w 



-8 eiy s e 



-w 
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